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The mechanical  proper t ies  of a re inforced mater ia l  depend on the proper t ies  of the binder, the ma -  
ter ia ls  of the reinforcing elements,  their  percentage contents, and nature of the re inforcement .  Therefore ,  
in pract ice  each class of re inforced mater ia l  requi res  special analysis .  Here the p r ima ry  objective is to 
obtain the relat ions describing the connections between the s t r e s ses  and strains during deformation of the 
re inforced mater ia l .  

There  are  two approaches to the construct ion of these connections: the phenomenological approach, 
in which the re inforced medium is considered a homogeneous monolithic anisotropic medium [1, 2], and 
the approach based on s t ruc tura l  analysis  of the re inforced mater ia l  in accordance with the nature of the 
mater ia l  s t ruc ture  and the mechanical  proper t ies  of its constituent components [3, 4]. Within the elastic 
l imits,  if we neglect some subtle effects (s t ress  concentration in the vicinity of the re inforcing elements,  
nonuniformity of the deformations between these elements,  and so on), both approaches yield essential ly 
the same coupling equations between the average s t r e s ses  and s t ra ins  and in this sense are  equivalent. 

The phenomenological approach to the formulat ion of the equations governing the elastoplast ic  be-  
havior of anisotropic media has been used in severa l  studies, for example [5-7]. However, the equations 
obtained should apparently be considered applicable to "physically anisotropic media"  whose anisotropy is 
a consequence of their  crysta l l ine  s t ructure .  As for  the s t ruc tura l ly  anisotropic media, including the r e -  
inforced mater ia ls ,  beyond the elast ic  limit the specific charac te r i s t i cs  of each type of s t ructura l  aniso-  
t ropy affect the form of the plasticity conditions [8-10] and also affect the nature of the coupling equations 
between the s t r e s ses  and s t ra ins .  Therefore ,  each type of s t ruc tura l  anisotropy must  be analyzed sepa-  
rately.  Therefore ,  beyond the elast ic limit only a s t ruc tura l  analysis  of the re inforced mater ia l  on the 
basis  of a model reflecting its specific charac te r i s t i cs  permits  obtaining the sought coupling relat ions be-  
tween the s t r e s ses  and s t ra ins .  Another advantage of s t ructura l  analysis  is that it permits  evaluating the 
nature of the operation of each of the elements of the composite and thereby opens up a way to goal -di rec ted  
regulation of the nature of the re inforcement  in order  to improve the strength proper t ies  of the re inforced 
mater ia l s .  

In the following we use the model of [10] and some additional simplifying assumptions to analyze the 
elastoplast ic  behavior of a re inforced layer  sub.ject to forces  in its plane. 

I. By a reinforced layer we mean a comparatively thin plate consisting of an isotropic layer with a 
reinforcing layer embedded in it (Fig. I). The embedded layer is a grid of slender one-dimensional fila- 
ments arranged in directions which form the angles ~n(n = I, 2 ..... N) with the direction 1. 

We assume: 

1) the mater ia l  of all the elements compris ing the composite is elastoplast ic  and in the general  case 
is different for  each element; 

2) the number of reinforcing elements is sufficiently large that the ma te r i a l  of the composite can be 
considered quasihomogeneous; 

3) the distance between the reinforcing elements is sufficiently large  and at the same t ime suffi-  
ciently small  in compar ison with the plate dimensions that local effects near  the fi laments and i r regular i ty  
of the deformation between fi laments can be neglected; 
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4) the bonding of the  e l emen t s  of the  compos i t e  is ideal,  i .e . ,  t h e r e  is no s l ippage between the r e i n -  
fo rc ing  e l e m e n t s  and the b inder ;  

5) each  f i l ament  is capable  of wi ths tanding both t ens i l e  and c o m p r e s s i v e  f o r c e s  when embedded  in 
the b inder  m a t e r i a l .  

However ,  under  the  ac t ion  of a c o m p r e s s i v e  fo rce  some  f o r m  of ins tabi l i ty  m a y  a r i s e  and t h e r e f o r e  
the  y ie ld  and u l t imate  l imi t s  (as well  as the s t r a i n - h a r d e n i n g  modulus  fo r  s t r a i n - h a r d e n i n g  ma te r i a l s )  in 
t ens ion  and c o m p r e s s i o n  a r e  cons ide red  d i f ferent .  The Young ' s  modul i  a r e  a s s u m e d  to be the s a m e  in 
t ens ion  and c o m p r e s s i o n ;  

6) the m a t e r i a l  of the i so t rop i e  b inder  obeys  the de fo rma t ion  t heo ry  of p las t i c i ty  with the same  c h a r -  
a e t e r i s t i e s  in t ens ion  and c o m p r e s s i o n  and fo r  s impl ic i ty  is a s s u m e d  to be i n c o m p r e s s i b l e  in both the e l a s -  
t ic  and p la s t i c  r e g i o n s .  When n e c e s s a r y ,  the i n c o m p r e s s i b l e  r e q u i r e m e n t  can be d i s r e g a r d e d  and we can 
use  a flow type t h e o r y  r a t h e r  than de fo rma t ion  theory~ 

Let  ~n (n =1,  2 . . . . .  N) be  the spec i f i c  concen t ra t ions  in the  plane of the l a y e r  of the r e in fo r c in g  f i l a -  
m e n t s  f o rming  the angles  ~n  with the d i r ec t ion  1; h is the th i ckness  of the r e i n f o r c e d  l ayer ;  and ~0 z is the  
r e i n f o r c i n g  l a y e r  concen t r a t i on  in the d i r ec t i on  of the p la te  t h i ckness .  Then in the 1 ~ 2  or thogona l  s y s t e m  
the  componen t s  of the in te rna l  f o r c e s  in the c o m p o s i t e  l a y e r  will  be 

N 

tT~ : a~i j  ~ -~- 1 ~ (i, /---- t ,  2; k ---- 1, 2, 3) 

~=I (1 .1)  
Tjj T12 

tj = T '  t3-- h ' l ~ = c o s a n ,  l ~ n : s i n a n  

O-~ a,~ ~ g, a ~ l - -  (%, (on : nnF,~ / AFh ,  (oz= 6 / h 

H e r e  Tij a r e  the f o r c e s ,  crij~ a r e  the s t r e s s e s  in the  f i l le r ,  (r n a r e  the s t r e s s e s  in the r e i n f o r c i n g  
f i l amen t s ,  Fn  a r e  the c r o s s - s e c t i o n  a r e a s  of the  r e i n f o r c i n g  e l emen t s ,  and nn is the n u m b e r  of r e i n fo r c in g  
e l emen t  f i l amen t s  on s e g m e n t s  AF of length l (Fig.  2). 

On the  b a s i s  of the  a s s u m p t i o n  of no s l ippage,  f o r  s m a l l  de fo rma t ions  we obtain the fol lowing r e l a -  
t ions  be tween  the d e f o r m a t i o n s  e n of the  r e in fo r c ing  e l emen t s  and the de fo rma t ions  of the f i l l e r  l ayer :  

g ( n ) =  e l / l n  2 ~-  82[2n 2 ~-  eallnl2n (1.2) 

Here  el ,  e 2 a r e  the  f i l l e r  l a y e r  de fo rma t ion  componen t s  in d i r ec t ions  I and 2, r e s p e c t i v e l y ,  and e 3 
is the s h e a r  de fo rma t ion .  

In a c c o r d a n c e  with the  a s s u m p t i o n s  adopted above,  the in te rna l  s t r e s s e s  of the compos i t e  l a y e r  e l e -  
men t s  a r e  connec ted  with the  de fo rm a t i ons  by the fol lowing re l a t ions :  

~o = % E~ (e~ + ~/~e~), ~o = % E~ (e~ + '4 e,) (1.3) 

~176 = 1/s Ece3, (~n= E~-cne~ 

H e r e  Ec,  E c n  ~ a r e  the  secan t  modul i  of the f i l l e r  and r e i n f o r c i n g  e l emen t  m a t e r i a l s  in t ens ion  (plus) 
and c o m p r e s s i o n  (minus) .  

If al l  e l emen t s  of the c o m p o s i t e  r e m a i n  e las t i c  f o r  the  given loads tk ( k = l ,  2, 3), then all  the secan t  
modul i  equal  the  c o r r e s p o n d i n g  Young ' s  modul i  

E~ = E, Ec~ • --~ E,~ (1.4) 

Then,  subst i tu t ing (1.3) into (1ol), we obtain the fol lowing r e l a t ionsh ips  be tween the f o r c e s  t k and d e -  
f o r m a t i o n s  ek:  

t : [[ a~.~ I[ e, e = $[ b~m il t ,  [I b~m [[ = ]l akin []-1 
t = I[tx, t2,  t3[]' , ~ : lie1, %, ea]]' (k, ra---- l ,  2, 3) ( 1 . 5 )  

The p r i m e  on the m a t r i x  ind ica tes  the t r a n s p o s i t i o n  opera t ion .  

The coef f ic ien t s  of the  m a t r i x  [[ akln [[ a r e  
N N 

all : a/aaE -~ ~ r a, al~ : a2t : ~/aEa ~- ~ ,  o3nEfl~l~, 
n=l n=l 
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N N 

= o)nEf lUj~ ,  aas = (i, i # D (1.6) 

Substituting the deformation components f rom (1.5) into (1.3) and taking (1.4) into account, we find 
the internal s t r e s ses  in all the elements composing the re inforced layer .  With their  aid we can find the 
loads for  which any par t icular  elements change from the composite into the plastic state. Thus, the r e -  
inforcing elements remain  elastic if the following inequalities a re  satisfied: 

3 

+ 2 . . . . .  N/ (1 .7)  

and the binder layer  remains  elast ic if the following inequality is satisfied: 

an02 _ ~0n~o + ~0~ + 3~10~ < a02 (1.8) 

where we substitute into this equality in place of crij~ the express ions  (1.3) with account for (1.4) and (1.5). 

In (1.7), (1.8), the s t r e s ses  %, Crn~ denote respect ively  the yield limits of the binding and reinforcing 
element mater ia l s  in tension or  compress ion .  

Violation of any of the inequalities (1.7), (1.8) leads to the development of plast ic deformations in the 
corresponding reinforcing elements or  f i l ler .  Assume,  for  example, that for  some combination of forces  
tk such that 

/n(t:,  t2, t a ) =  0 (1,9) 

any of the inequalities (1.7) is violated. Then we can assume that (1.9) in the tl, t2, t 3 s t r e ss  space de-  
fines the yield surface for  the re inforced mater ia l  with composi te  elements having elastoplast ic  p rope r -  
t ies .  In fact,  there  are  no residual  deformations for  all s t r e s se s  within this surface after  unloading of the 
layer .  Residual deformations remain  for  s t r e s ses  outside this surface in the re inforced layer  af ter  r e -  
moval of the load. We also obtain surfaces  which are  analogous in meaning in s t r e ss  space in cases  in 
which the other inequalities (1.7) or (1.8) are  violated (separately or together) .  Thus, the combined yield 
surface for  the re inforced mater ia l  in s t r e s s  space consists  of a large number  of "pieces" of different 
analytic surfaces  and its shape depends in an essent ial  fashion on the nature of the re inforcement  and the 
proper t ies  of the composite elements.  

Moreover ,  the form of the coupling equations for  the elastoplast ic  behavior  of the re inforced layer  
also depends significantly on the nature of the re inforcement .  Fo r  example, suppose the plast ici ty con-  
dition has the form (1.9) and the s train diagram of the reinforcing elements  has a l inear hardening seg-  
ment. Then we have for  s t r e s ses  located near  but outside the surface (1.9) 

E c - = E ,  Ecp •  Ep ( p = l ,  2 . . . . .  Y , p # n )  (1.10) 

and the s t ra in  law in the elements of the angled re inforcement  with angle o~ n has the form 

z,~ = Et~-L--e,~ :I: z= ++" ( l ~ Etn +- / En) (1.11) 

Here the upper or lower signs are  taken depending on whether the right or left side of the inequality 
(1.7) is violated for  s t r e s se s  satisfying (1.9). 

Fo r  definiteness,  we take (1.11) with the upper signs. Then, substituting (1.3) and (1.11) with ac-  
count for (1.2) and (1.10) into (1.1), we obtain the following relat ions between the forces  and deformations:  

�9 - 1  t '  t ' =  [la~m[ta, a =][b~ml[t, Ilb~..l[--Ila:~I] , lit1', t~', ta'[l' (l~, r~=i, 2, 3) (1.12) 

t (  = t~ - -  ~ l i ~  2, t~' = t3 - -  ~ l l ~ l ~ ,  ~a = ~ + [~. ' Eta+~ E~]  

In (1.12) the coefficients of the mat r ix  II a 'mk  II have the same form as those of the matr ix  l[-akm II 
f rom (1.6), if in the lat ter  Eq is replaced by E~q for  n=q ,  where q is the number  of the fi lament family 
which has changed into the plastic state.  

The relat ions (1.12) descr ibe  the elastoplast ic  behavior  of the re inforced layer  in the case in which 
the plast ici ty condition for  the layer  has the form (1.9). These relat ions will be valid until some other of 
the inequalities (1.7) or  (1.8) is violated, provided that bik and t k in the lat ter  are  replaced respect ively  
by bik ' ,  tk '  (i =1, 2; k =1, 2, 3). In the case of violation of inequalities of the type (1.7), the subsequent 
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modi f i ca t ions  of the  equat ions  can be  a c c ompl i shed  just  as  in obtaining (1.12), and as a r e su l t  we s h a l l h a v e  
l inea r  equat ions  s i m i l a r  to (1.12) e v e r y  t ime .  If the m a t e r i a l  of the r e in fo rc ing  e l emen t s  is idea l ly  e l a s t o -  
p las t i c ,  the c o r r e s p o n d i n g  tangent  modul i  Etn ~ should be equated to z e r o  in (1.12) and in the  s i m i l a r  equa-  
t ions .  In this  ca se ,  in c o n t r a s t  with the i so t rop i c  o r  "phys ica l ly  an i so t rop i c "  ideal ly  p las t ic  l aye r ,  the 
r e i n f o r c e d  l a y e r  with ideal  e l a s top las t i c  r e in fo rc ing  e l emen t s  p rov ides  o n e - t o - o n e  dependence  be tween the 
s t r e s s e s  and s t r a i n s  f o r  ine las t ic  de fo rma t ions  as well .  

If the  inequal i ty  (1.8) is v io la ted  f i r s t ,  while (1.7) r e m a i n s  valid,  p las t ic  de fo rma t ions  begin  in the 
f i l l e r  l a y e r  and a r e  accompan ied  by e las t i c  de fo rma t ions  in the r e in fo rc ing  e l emen t s .  Then  we m u s t  take  

Ec. -+ = E~, E~ = ~(e), e = 2/3 ]/3181 ~ ~- e18 ~ -~ e22 ~- 114~32] '/2 (1.13) 

H e r e  ~ is the s t r a in  in tens i ty  in the f i l l e r  l aye r ,  and 4, is a funct ion d e t e r m i n e d  f r o m  the p las t ic  p a r t  
of the s t r e s s - s t r a i n  d i a g r a m .  

Substi tut ing fo r  the secan t  modul i  (1.13) the  e x p r e s s i o n s  (1.3) and (1.2) into (1.1), we obtain 

t l  = a n s i  -~- al2 e2-~ a1383 ~-  4/3[(]) (e) - -  E](e 1 ~ 112e2) 
t2 = alz81 ~-  a~2e~ -}- a23e3 -~ 4/3 [(I)(8) - -  E ]  (e~ ~-  1/2el) 
t3 = alse 1 -]- a23e 2 ~- as3e3 + 1/z[(I)(e) - -  E]e3 (1.14) 

In c o n t r a s t  with (1.12), t he se  equat ions  a r e  e s sen t i a l l y  non l inea r  even f o r  l inea r  ha rden ing  of the 
f i l l e r  m a t e r i a l .  If the f i l l e r  m a t e r i a l  is idea l ly  p las t i c  with the yield  point  %, in (1o14) we m u s t  take  ~(e) = 
~o/e .  In this  c a s e  (1.14) define a o n e - t o - o n e  re la t ionsh ip  be tween t k and ek,  p rov ided  akin ~0 (k, m =1, 
2, 3). 

If the  inequal i ty  (1.7) is v iola ted f i r s t ,  so that  p las t ic  de fo rma t ions  appea r  in the r e in fo r c ing  e l e -  
men t s  which f o r m  the  angle ~n with the  d i r ec t ion  1, and the de fo rma t ion  of the  r e i n f o r c e d  m a t e r i a l  t akes  
p lace  in a c c o r d a n c e  with the  r e l a t ions  (1.12), and then the  inequal i ty  (1.8) is v io la ted  fo r  s o m e  va lues  tk, 
subsequent ly  the de fo rm a t i on  law will have  the f o r m  (1.14) if in p lace  of tk, akin we subs t i tu te  tk '  and 
akin ' ,  r e s p e c t i v e l y .  

Rela t ions  of the type  (1.12) and (1.14) not only d e s c r i b e  the na tu re  of the e l a s top la s t i c  l a y e r  d e f o r m a -  
t ion,  but t oge the r  with (1.2) and (1.3) they a lso  d e t e r m i n e  the e f fec t iveness  of the ope ra t ion  of all  the e l e -  
men t s  of the  compos i t e .  Depending on which e l emen t s  of the  compos i t e  d e f o r m  p las t i ca l ly ,  t hese  r e l a t ions  
have  a l i nea r  o r  non l inea r  na ture ;  t h e r e f o r e ,  in m a n y  c a s e s  some  ind i rec t  i n fo rma t ion  on the e f f ec t ive -  
nes s  of a given type  of r e i n f o r c e m e n t  can be obtained d i r e c t l y  f r o m  the expe r imen ta l  de fo rma t ion  d i a g r a m s  
of the m a t e r i a l s  o r  s t r u c t u r e s .  

2. As an example  of the use  of the r e l a t ions  obtained,  we shal l  examine  the p r o b l e m  of s t r e t ch ing  
by the f o r c e  t 1 of a l a y e r  r e i n f o r c e d  by un id i rec t iona l  f i l aments  w h i c h f o r m s  the angle ~1 = c~ with the  load-  
ing d i r ec t ion .  F o r  s impl i c i ty  we shal l  a s s u m e  that  the  m a t e r i a l  of al l  e l emen t s  of the compos i t e  is ideal ly  
e l a s top la s t i c .  Then  in the  c a s e  in ques t ion  we m u s t  take  

t ~ = t 3 : 0 ,  N = ~ ,  E ,~ :0 ,  �9 (~)=~o/ 

T h e r e f o r e ,  we obtain in the e las t i c  r eg ion  

tl 8, ~1 __ Ex 81 , e ~  hi e ~ _ _  A~ 
aEs~ ~ - -  ~ ex A ' el h 

~11~ 4 ( t _  Ai ) ~,~~ 4 ( i  _~A) ~12~ -- A2 
Eel ~ ' Eel - -"3  2-- -  ' Eel 3A 

~) auA -- a12A1 -- a13A~: (51 = 2A cos ~ u -- A~ sin 2a -- 2A1 sin g a 
= a E h  ' h 

l I I ~ A =  a2~ az8 A I =  au aa3 A ~ :  
G23 a33 ~ a13 ~ G23 a13 

F i g u r e  3 shows as a funct ion of c~ the quant i t ies  tl* = t l / a E e  I and e2/ai ,  ca lcu la ted  us ing (2.1) f o r  
c01El/aE =1,  5, 10. 

In this  case  the  p las t i c i ty  condit ion fo r  the r e in fo r c ing  e l emen t s  has  the f o r m  

tl _ ~_ 2bE~l ~ 
a~o ~ 81E1~o 

(2.1) 

(2.2) 

( 2 . 3 )  

(2.4) 
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The upper  s igns  c o r r e s p o n d  to r > 0 (r is the de fo rma t ion  of the r e in fo r c ing  e lement s  ca lcu la ted  
us ing (1.2) with account  fo r  (2ol)), the lower  s igns  a r e  f o r  r (1) <0.  We f u r t h e r  a s s u m e  fo r  def in i teness  tha t  
(rI+ =~1-.  Then it is not  diff icult  to  see  that  we need take only the upper  s igns  in (2.4). The dashed  c u r v e s  
in F ig .  4 show t i / a ~  0 as a funct ion of a ,  ca lcu la ted  forcol~l+/acr0=0.5,  1.0, 2.0, and oJ~El/Ea=5.  

F o r  load va lues  loca ted  between the  dashed  and dotted c u r v e s  in F ig .  4, the s t r e s s e s  in the r e i n f o r c -  
ing e l emen t s  r e m a i n  cons tan t  and equal to ~1 +. The re la t ionsh ips  be tween  the f o r c e  and de fo rma t ions  have 
the f o r m  

a E e  i = t i - -  (0i0-t+(cos2~ - -  i/2 s i n ~  aEe2  = _ 1/2t i - -  (0jai+(sin~G~ --  l/2 cos2~z) 

a E e 3  = 3/2 (010"1 + sin 2 a (2.5) 

T h e r e f o r e ,  the s h e a r  de fo rma t ion  is independent  of the load while the " P o i s s o n  coef f ic ien t , "  con-  
v e r s e l y ,  depends  on the load.  

The r e l a t ions  (2.5) a r e  val id  up to load va lues  at which p las t ic  de fo rma t ions  a r i s e  in the b inder .  The 
c o r r e s p o n d i n g  load va lues  a r e  found f r o m  the e q u a t i o n  

(ti - -  (0i0-i+cos2cr 2 -~ (ti - -  (010-1 + C0S2~)(010-1 + sin2cr + ((0i0-1+) ~ sin4 cr ' ~- '/a((0i0-i+) 2 sinZ2a : (aao)  2 (2.6) 

The  dependence  of t l / f f  0 a on a, ca lcu la ted  with the aid of this  equat ion f o r ~  1 ~l+/a(r0 = 0.5, 1.0, 2.0, is 
shown by the dotted cu rves  in F ig .  4. The  r e i n f o r c e d  m a t e r i a l  with idea l ly  p las t i c  compos i t e  e l emen t s  can -  
not  wi ths tand l a r g e  loads .  

F o r m u l a s  (2.1) and (2.5) define the s t r e s s - s t r a i n  d i a g r a m  of the  m a t e r i a l  in those  c a s e s  in which 
p las t i c  de fo rma t ions  f i r s t  develop in the r e in fo r c ing  e l e m e n t s .  The c o r r e s p o n d i n g  d i a g r a m s  f o r w t E l / a E  = 5, 
o ) l a l + / a a o  = 0.5 (solid) and 1.0 (dashed), and o~ = 0, 20~  shown in F ig .  5. The ho r i zon ta l  s e g m e n t s  c o r -  
r e s p o n d  to the l imi t  loads fo r  the  l aye r .  

Also  pos s ib l e  is the case  in which p las t i c  de fo rma t ions  appea r  f i r s t  in the b inder ,  while the r e i n -  
f o r c ing  e l e m e n t s  r e m a i n  e l a s t i c .  Then in (1.10) we mus t  r e p l a c e  the inequal i ty  symbo l  by an equal i ty  s y m -  
bol,  and a f t e r  subs t i tu t ion  he re in  of (2.2), we obtain  the r e l a t ion  

2t 1 / a %  = ]fff6A(A 2 - -  AA~ + Ai2) -~/~ (2.7) 

This  r e l a t ion  is shown by the sol id cu rve  in F ig .  4 fo r  0)lEthE =5. 

F o r  loads exceeding the values  (2.7), us ing  fo r  s impl i c i ty  the idea l ly  p las t i c  m a t e r i a l  a s sumpt ion ,  
we have the  fol lowing r e l a t ionsh ips  be tween  the  f o r c e  t I and the  de fo rma t ions  e b ~2, e~: 

2a(2e i ~- e2)a0 + 3(0iEieei cos~  = 3ti e, 2a(2e 2 ~- el) % + 3(0iEiee 1 sin2a-~ 0, 
2ae3% + 3(0iEiee i sin 2 ~ = 0 (2.8) 

By s imple  t r a n s f o r m a t i o n s  we obtain f r o m  these  equat ions  the fol lowing re la t ions :  

6 t g ~ ( t - - B t  i / % a )  ~-(tg~a--  2) e ~ / e ~ = 0  

A 4(t+ttg~:)  [~-18 t g c t ( t g ' a - ~ 4 ) - - 2 ( t g 2 ~ - - 2 ) l ,  B = _ ~  ~ (tg2ct~_4)?'/~ (2.9) 

The  s t r e s s e s  in the  r e i n f o r c i n g  e l e m e n t s  a r e  

(0i~l / a% = A / B (2.10) 

F o r m u l a s  (2.9) define a unique re l a t ionsh ip  between the  f o r c e  t 1 and the de fo rma t ions  el ,  e2, e3, in 
spi te  of the  fac t  tha t  the b inder  is ideal ly  p las t i c .  We a l so  e m p h a s i z e  that  in c o n t r a s t  with (2.5) this  r e -  
la t ionship  is non l inea r .  F i g u r e  6 shows the s t r e s s - s t r a i n  d i a g r a m s  ca lcu la ted  us ing (2.1) and (2.9) f o r  

E / a o ~ 4 0 ,  (0iE 1 / a E  = 1 . 5  

The r e l a t ions  (2.9) will  be val id  up to those  va lues  of tl fo r  which the s t r e s s e s  in the r e in fo r c in g  e l e -  
men t s  r e a c h  the e l a s t i c  l imi t .  This  load value  will  be  l imit ing f o r  the given m a t e r i a l .  A hor i zon ta l  s e g -  
ment  appea r s  on the s t r e s s - s t r a i n  d i a g r a m  at this  load.  In F ig .  6 the s t r a igh t  l ines  c o r r e s p o n d  to the s o -  
lut ion (2.1) and the cu rved  s e g m e n t s  c o r r e s p o n d  to the  solut ion (2.9). The  t r a n s i t i o n  points  a r e  defined 
us ing (2.7). 
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In concluding this section, we note that (2.1) and (2.5) can also be used to describe the stress-strain 
diagram of a material reinforced by ideally brittle filaments. In this case (2.4) defines the loads at which 
filament breaking takes place. If the yield condition for the filler is not violated at these load values, the 
subsequent behavior of the material is characterized by an instantaneous jump on the diagram, described 
by (2.5) for (ri+ =0. 

3. As the second  example ,  we sha l l  ana lyze  the s h e a r  of a u n i d i r e c t i o n a l l y  r e i n f o r c e d  m a t e r i a l .  In 
th is  case  

t~ = t~ = O, N =  i ,  a~ = a ,  Et~ + = O, q) (e)  = % / e 

In the elastic region we have 

Here  

t3 Ex51 zno  2t~ (2A1 -[- A~) 
dee3 : 5,  ~1 : ~ ta, E = - -  35AEa 

z~o .2 (2A~ -4- A~) t~ ~x~0 t~ 
E 3ESAa ' E - -  3t3Ea 

(3.1) 

assA -- a1351 + a28A~ (h sin 2a -- 2Ax cos ~ a -- 2A~ sin~ a) 
5 = aEA 51 = 2A 

A = d l l  d i s  d12 a l l  a13 

a21 d22 d28 d22 [ ~ 1  d28 

F i g u r e  7 shows c u r v e s  of the s h e a r  modu lus  v e r s u s  ~ ,  ca lcu la ted  us ing  (3.1) for  ozlEi/aE =1, 5, 10. 

In th is  case  the p l a s t i c i t y  condi t ion  for  the r e i n f o r c i n g  e l e m e n t s  has the f o r m  

t~/a o0 = E6~r / E16~% (3.2) 

C u r v e s  of th i s  r e l a t i o n  for  w l E i / a E  =5 and ~ol(q+/a~o=0.5, 1.0 a r e  shown dashed in F ig .  8. If the  loads 
exceed the va lues  (3.2), the  e l a s t o p l a s t i c  b e h a v i o r  is  def ined by the  r e l a t i o n s  

deal : -- o)lzl + (cos "~ a -- 1/~ sin ~ ~), aEe.z : -- (oizl + (sin '~ a -- 1/~ cos ~ a), aEe~ : 3 It3 -- 1A colzl* sin 2~1, 

azl] = -- (oi~i + cos ~ u, aG2~ = -- oh~1 + sin * u, aal~ = t 8 -  I/~ (oi~i+ sin 2~ (3.3) 

Re la t ions  (3.3) a r e  va l id  as  long as  the  s t r e s s e s  ,(rll ~ ~22 ~ (ri2~ do not  v io la t e  the  inequa l i t i e s  (1.10). 
The c o r r e s p o n d i n g  l imi t  load is def ined by the  equal i ty  

az0 2 az0 , a60 / 

C u r v e s  of th i s  load as a func t ion  of o~ for  coi(rl+/a(ro=0.5, 1.0 a r e  shown dotted in F ig .  8. The sol id  
c u r v e s  in  F ig .  S show the loads v e r s u s  (~ for  which p l a s t i c  d e f o r m a t i o n s  a r i s e  f i r s t  in the b i n d e r .  We ob-  
t a in  the c o r r e s p o n d i n g  equa t ions  for  t hese  c u r v e s  if in (1.8) we r e p l a c e  the  inequa l i ty  symbo l  by an equa l i ty  
s y m b o l  and then subs t i t u t e  t h e r e i n  the e x p r e s s i o n s  (3.1) for  ~1~ ~ ff220' o-12~ 

We obtain  the equa t ions  for  the e l a s t o p l a s t i c  b e h a v i o r  of the r e i n f o r c e d  l a y e r  for  p l a s t i c  d e f o r m a -  
t i ons  of the b i n d e r  and e l a s t i c  d e f o r m a t i o n s  of the r e i n f o r c i n g  e l e m e n t s  in th i s  ca se  f r o m  (1.17) for  t i =t2= 0 
and tD (s) = % / 8. 

S i m i l a r  so lu t ions  can be ob ta ined  fo r  any o the r  types  of loading or  r e i n f o r c e m e n t  of the l a y e r .  

In conc lus ion ,  we note  that  the idea l ly  p la s t i c  m a t e r i a l  mode l  used  in  the ca l cu l a t i ons  was employed  
for  d e f i n i t e n e s s  and to e m p h a s i z e  c e r t a i n  p e c u l i a r i t i e s  of the  r e l a t i o n s h i p s  be tween  the s t r e s s e s  and de -  
f o r m a t i o n s  du r ing  e l a s top l a s t i c  d e f o r m a t i o n  of r e i n f o r c e d  m a t e r i a l s .  If n e c e s s a r y ,  the c o r r e s p o n d i n g  c a l -  
cu la t ions  can  be m a d e  without d i f f icul ty  for  any c o n c r e t e  h a r d e n i n g  law. 

LITERATURE CITED 

1. V . L .  Bazhanov,  I~ I. Go l ' denb la t ,  V. A. Kopnov, A. D. Pospe lov ,  and A. M. Sinyukov, R e s i s t a n c e  of 
F i b e r g l a s s e s  [in Russ i an ] ,  M a s h i n o s t r o e n i e ,  Moscow, 1968. 

2. A . K .  M a l m e i s t e r ,  V. P.  Tamuzh ,  and G. A. T e t e r s ,  R e s i s t a n c e  of Rigid  P o l y m e r  M a t e r i a l s  [in R u s -  
s ian] ,  Z ina tne ,  Riga,  1967. 

3. V . V .  Bolot in ,  "Bas ic  equa t ions  of the t heo ry  of r e i n f o r c e d  m e d i a , "  Mekhanika  p o l i m e r o v  [ P o l y m e r  
Mechan ics ] ,  no.  2, pp. 27-37,  1965. 

920 



4. G.A.  Van Fo Fy, "Elastic constants and state of s tress  of glass-reinforced strip," Mekhanika 
polimerov, no. 4, pp. 593-602, 1966. 

5. R. Hill, Mathematical Theory of Plasticity [Russian translation], Gostekhizdat, Moscow, 1956. 
6. I .V.  Gol'denblat, "Theory of small elastoplastie deformations of anisotropic media, ~ Izv. AN SSSR, 

OTI~, no. 2, pp. 60-67, 1955. 
7. V.A.  Lomakin, "On the theory of nonlinear elasticity and plasticity of anisotropic media," Izv. AN 

SSSR, Mekhanika i mashinostroenie, no. 4, 1960. 
8. Yuo ~. Nemirovskii and Yu. N. Rabotnov, "Limiting equilibrium of reinforced cylindrical shells," 

Izv. AN SSSR, OTN, Mekhanika i mashinostroenie, no. 3, pp. 83-94, 1963. 
9. Yu. V. Nemirovskii, "Limiting equilibrium of mult i - layer  reinforced axisymmetric shells," Izv. 

AN SSSR, MTT [Mechanics of Solids], no. 6, 1969. 
10. Yu. V. Nemirovskii, "On the plasticity (strength) condition for a reinforced layer,"  PMTF [Journal 

of Applied Mechanics and Technical Physics], vol. 10, no. 5, 1969. 

921 


